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Abstract 

In this article, we prove that for any indecomposable dominant character of a maxi- 
mal torus T of a simple adjoint group G such that there is a Coxeter element w €W for 
which X{w)^{C^) 7^ 0. If further, for any dominant character xi of T such that Xi ^ X 

:^,)'^)<dim{H\G/B,C^)^), 



with respect to the dominant ordering, dim{H^{G / B, C^^Y') < dim{H^ {G / B , 
then the graded algebra (Bdez>oH^{G/B,C^'^)'^ is a polynomial ring in r variables 



where r > 2. 

Keywords: Indecomposable dominant characters, Coxeter elements. 

1 Introduction 

In [l],[9],[lT] Chevalley,Serre,Shephard-Todd have proved that for any faithful representation 
V of a finite group H over the field C of complex numbers, the ring of H invariants C[l/]^ 
is a polynomial algebra if and only if H is generated by pseudo reflections in GL(y). 

Chevalley also proved that for any semisimple algebraic group G over C, the ring of G 
invariants Cfg]*^ of the co-ordinate ring of the adjoint representation g of G is a polynomial 
algebra(refer to page 127 in [3]). 

In [12], Steinberg proved that for any semisimple simply connected algebraic group G 
(over any algebraically closed field K) acting on itself by inner conjugation, the ring of 
G-invariants K[G]'^ is a polynomial algebra (refer to theorem in page 41 of |2]). 
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In [13], D. Wehlau proved a neccessary and sufficient condition for a rational represen- 
tation of a torus S for which the ring of S invariants of the co-ordinate ring K[V] is a 
polynomial algebra. 

In [6], some properties of torus quotients of homogeneous spaces has been studied. In 
[6], when G is simple, the authors describe all Coxeter elements w in the Weyl group W for 
which the corresponding Schubert variety X{w) has a semi stable point with respect to a 
non trivial line bundle £ on G/i? for the action of a maximal torus T, where i? is a Borel 
subgroup of G containing T. 

In basic example FGL^, the dominant characters x the root lattice for which there 
is a Coxeter element w such that X{w)^{C^) is non empty are ai + a^, 2ai + and 
a\ + 2a2- In all these cases, an elementary calculation shows that the ring of T- invariants 
of the homogeneous co-ordinate ring ©^g^^^j H^{¥GL-i/ ^x'^) ^ polynomial ring. 

In PGL4, these special dominant characters x are ai+a2+a3, 3ai+2a2+a3, ai+2a2+(y3 
and «! + 2^2 + 3a3. In all these cases too, the ring of T invariants of the homogeneous co- 
ordinate ring ®dez>o H'^i^GL^/B, jC®*^) is a polynomial ring. 

So, it is natural to ask the following question: 

Let G be a simple adjoint group over C, the field of complex numbers. Let T be a 
maximal torus of G, B he a Borel subgroup of G containing T. Then, for any indecom- 
posable dominant character x of T such that there is a Coxeter element w in W such that 
X{w)^{£^) is non empty, is the ring of T- invariants of the homogeneous co-ordinate ring 
0dez>o H^{G/B, C®'^) a polynomial algebra ? 

This paper gives an affirmative answer for the above question with some more conditions 
on the indecomposable dominant character x of T. 

2 Preliminaries and a basic lemma 

Let G be a simple adjoint group of rank I over the field of complex numbers. Let T be 
a maximal torus of G, S be a Borel subgroup of G containing T. Let Ng{T) denote the 
normaliser of T in G. Let W = Ng(T)/T denote the Weyl group of G with respect to T. We 
denote by q the Lie algebra of G. We denote by f) C g the Lie algebra of T. Let R denote 
the roots of G with respect to T. Let C R he the set of positive roots with respect to 
B. Let S = {«!, ^2, ■ ■ ■ , ai} C R~^ denote the set of simple roots with respect to B. Let ai 
denote the co-root corresponding to at. Let (., .) denote the restriction of the Killing form to 
f). Let {roi, -072, • ■ ■ -07/} denote the fundamental weights coprresponding to the simple roots 
S = {ai,a2, ■ ■ ■ ,ai}. Let Wq denote the longest element of W corresponding to B. Let 
B^ = wqBwq^ denote the Borel subgroup of G opposite to B. 

Let {X^ : /3 G R} [j{H(s : (3 E R+} he the Chevalley basis for q. 

Let Si denote the simple reflection corresponding to the simple root ai. We just recall a 
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Coxeter element of W is an element of the Weyl group having a reduced expression of the 
form SjjSjj ■ ■ ■ such that ij 7^ ik whenever j ^ k (for precise definition, refer to [2]). 

We denote by G/B, the flag variety of all Borel subgroups of G. For any w G we 
denote by X{w) = BwB/B C G/B the Schubert Variety corresponding to w. We note that 
X{w) is stable for the left action of T on G/B. 

X (w)^ (C^) denote the set of all semistable points with respect to the line bundle and 
for the action of T(for precise definition, refer to |7j,|18j). 

Let = Lie{G) be the adjoint representation of G and f) = Lie{T) be the Cartan 
subalgebra of G. Let ao be the highest root. 

Since G is simple, the adjoint representation g is an irreducible representation of G with 
highest weight ao, the highest root. 

Let f = Xag be a highest weight vector of g. Let 0i : g — f) be the T-equivariant 
projection. 

For each positive root a G R^, we denote by the T- stable root subgroup of B 
corresponding to —a. 

Let U~ be the unipotet radical of the opposite Borel subgroup wqBwq^. 

Then, we have = n«g<i)+ U-a- 

Consider U^v^ C g be the orbit of v~^. Let := (pi\u-v+ '■ U^v^ — )■ P) be the restriction 
of 01 to U~v^. 

Lemma 2.1. is onto. 

Proof. Since ao is dominant, we can choose a simple root 71 such that (ao,7i) > 1. Choose 
distinct simple roots 72, 73, ■ " " ? li-i such that for all r = 1, 2 — 1, Yl^j=i Ij is a root. 

Denote 9r = ^j=i Tj? ''^ = 1; 2, ■ ■ ■ , / — 1. Again since {ao, 6*^) > 1 for 1 < r < / — 1, each 
/3r := ao — 6*^ is a root. 

For every choices of co,Cr,c'j. & K, 1 < r < / — 1 we claim that 

Now {exp{coXao))iexp{ciXf3^)){exp{c[X0j){exp{c2Xfj^)){exp{c'2Xg.J) ■ ■ ■ {exp{ci^iXfj^_J) 

{exp{c'i^^Xg^_J){Xao) = CoHao - J2l=\crC'^Hi3^. 

Again Hag,Hi3^. are hnearly independent since ao and f3r are linearly independent. 
Take a typical monomial M = Cq" X'l'^^^c'^' X\ ■ ■ ■ X'^^l^Xt\ ■ ■ ■ X^l^l^. 

Then Mv^ has weight zero if and only if ao = X]j=i '^jl^j + Y^k=i ^k^k- 

Claim: For all j = 1, 2, ■ ■ ■ , / — 1 and k = 1, 2, ■ ■ ■ , Z — 1, there exist unique r G {1, 2, ■ ■ ■ , / — 
1} such that a J. = 6,. = 1 and aj = bj = for all j r. 

Now Mf + = implies -moao - X]j=i '^j/^i ~ Z]L=i ^kOk + ao = 0. 
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(mo - l)ao + Ej=\ + Efe=\ hOk = 

(mo - l)ao + X]j=i o-jf^j + Y!k=i ^fc("o - (3k) = 

(mo - l)ao + (E1=\ ^fc)"o + E5=\ - hPk = 0. 
^ ((mo - 1) + E1=\ bk)ao + E5=\(% - ^jO/^i = 0. 

Since ao and f3jS are linearly independent we have 
(mo — 1) + X]fe=i ^fc = and aj = bj for all j = 1, 2, — 1. 

Since mo and b'^s are non-negative integers, we have either mo = 1 and aj = bj for all j 
or mo = and there exist unique k such that bk = 1 and bj = for all j ^ k. 

So we have a surjective map f/~i;+ D A^'^-"^ — t- A' [) given by 
(co, Ci, ■ ■ ■ , Q_i, c'^, ■ ■ ■ , c'i_-^) I— 7- (co, Cic']^ ■ ■ ■ , Crc'j.) where Cq, Cic'^, ■ ■ ■ c^c^ are algebraically in- 
dependent. 

So (f) : U~v+ f) is onto. (1) 
^ 0* : C[[)] ^ C[t/-t;+] is injective. 

Now we have a commutative diagram 




So / is injective. Again g* = H^iG/BXc^o) and f)* = H^{G/B,CaoV- So Symf)* = C[(^] 
is a subalgebra of ®dez^,H%G/ B, C^f ■ Hence the map ^ ©^^^^^//^(G'/E, is 
injective. □ 

Theorem 2.2. T/ie maj) C[f)] — )■ ® ii&>oH^ / B -I C®'^y is an isomorphism if G is of type 
An, B2 and C„. 

Proof. First we prove that the map T\\U^v^ ^{h) given by 

{z,xi,X2,- ■ ■ ,Xn^i,yi,y2,- ■ ■ ,yn-i) ^ (z, x^, X2y2, ' ' ' , Xn-iVn-i) IS iujectivc. 

Let {z, xi^/i, X2I/2, ■ ■ ■ , x„_i?/„_i) = {z\ x[y[, x'2?/2, ■ ■ ■ , fo^ some x = 

{z, xi, X2, ■ ■ ■ , x„_i, 2/2, ■ ■ ■ , Vn-i) and = (z', x[, x'2, ■ ■ ■ , yi, y'2,---, y'n-i) in (t/"t;+)'^ 
This implies z = z', Xiyi = x[y[ for alH G {1, 2, ■ ■ ■ , n — 1}. We need to prove that x and a/ 
are in the same T-orbit. 

Case 1 : All the co-ordinates in x_ and a/ are non-zero. 

Consider the non-zero scalars y^' ^ ^ {1,2, — 1}. Since ao and Oi, i G 

{1,2, ■ ■ ■ ,n — 1} are linearly independent. By lemma (C), page 104 of [4j, there exists a 
t eT such that ^ = cto(^~^) and ^ = Oiit"^), i G {1, 2, ■ ■ ■ , n — 1}, i.e., z' = aQ{t~^)z and 
X- = 6'j(t~"^)xj. So we have ao(t^^) = 1. 
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Now y'.^^ ^ ^Ji^ = ei{t)yi = {a^ - pi)(t)yi = ao{t) I3i(t-^)yi = since 
Q;o(t) = 1. Hence y^ = Pi{t-^)yi. 

Case 2: Not all the co-ordinates in x and x[ are non-zero. 

Let ^ = {/c : Xkyk 0}. Then ^ 7^ for all k e A. Since e A are linearly 
independent, there exists t e T such that x'f. = 6i{t~'^)xk, k e A. Then = = 
eS-%k ^ ^kit)yk = (ao - /5fc)(^)?/fc = ao{t)pkit-^)yk = Pkit~^)yk, since Q;o(t) = L 

Let / = {i : = 0, a;^ 7^ 0} and J = {j : yj — 0,yj 7^ 0}. Since Xiyi = x'(y[ we have 
/ n J = 0. So Q;o,^i,i e / and e J are linearly independent. Therefore, there exists 
A e Y{T) such that (ao. A) = 0, (^i,A) > 0,i e > 0,j e J with (^fe,A) = = 

(/3fe,A),A;e A 

Let x" = t.x. Then A(t)a;^ = t^'^-^^x^, for all i e /, X{t)y'j = for all j e J, x^' = x'^ 

and = y^. Then lim{\(t)x")i = x[ for all i E A. 

Therefore, {z,x'(',X2,- ■ ■x'"_-^^,y1',- ■ ■ ,y'^'_i) e Tx' where x^" = if i £ y'" — y[ if 
i e A and = = if i G A. 

So they are in the same T-orbit. We can proceed in the same way if we consider I' — {i : 
x'^ — Q and Xi ^ 0} and J' = {j : y'j = and yj 7^ 0}. □ 

Corollary 2.3. P(0)//G' ~ G / B{Cc,^)/ /Ng{T), when G is of type An, B2 or Cn- 



Proof. Proof follows from theorem (2.2). □ 

In the following lemma we use additive notation for the group X{T) of charecters of T 
identifying with the root lattice. 

Definition: A non trivial dominant character x of T is said to be decomposable if there 
is a pair of non trivial dominant characters xi, X2 of T such that X = Xi + X2- Otherwise 
we will call it indecomposable. 

Notation: X{T)~^ denotes the set of all dominant characters of T. 

X{T)^ denotes the set of all indecomposable elements of X{T)~^. 

Lemma 2.4. Let G be a simple adjoint group of type A^-i- Let x — Y17=i '^i'^i' "^here 

a-i G N for each i = 1,2, ...,n — 1 be an element of X{T)j' such that (x,a,«-i) = 0. Suppose 
that X{sn-i-.-Si)^{C^) 7^ then the coefficients ,i — 1,2, ...,n — 1 satisfy the following 
inequality : 

Ol ^ 02 ^ 03 ^ .... ^ Qn-l = 1 

Proof. Since X(s„_i...si)f?(£^) 7^ 0, we have s„„i...si(x) < 0. So, ^ a^+i for each 
i = 1, 2, ...n — 2. So it remains to prove that a^-i = 1. 
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If a„_i ^ 2, let i be the largest positive integer such that a„_j = ia^-i. 

Since 2a„_i — a„_2 = (Xi = , we must have i ^ 2. So a„_(j+i) 7^ + l)an-i 

«n-(i+i) = icin-i + c , where < c < a„_i — 1. 
If c = , since x dominant and aj > Oj+i for each j = l,2,..n — 2, x must be of the 
form ian-ii^^Zlo^j) + (^n-iiJ^jZu+i-ii^ ~ This forces that x is decomposable, since 

o-n-i > 2. This is a contradiction to the indecomposability of x- So, c must be positive. 

So > 2ai-a2 > cti > an-{i+i) = ian-i + c. Similarly, (x, ftn-i) = 2ian-i - ian-i - 

c- {i- l)a„_i = a„_i - c > 1. 

Thus, X ~ {T'^i + i^n-i) is still a non zero dominant weight which is in the root lattice. 
This is a contradiction to the indecomposability of x- So, this proves that a„_i = 1. □ 

Lemma 2.5. Let G he a simple adjoint group of type An-i- Let x = Yl^Zi (^i'^i > where 
ai G N,i = l---,n — 1 be an element of X{T)f such that {x,C(i) = 0. Suppose that 
X{si ■ ■ ■ 7^ 0, then the coefficient ai,i = 1, ■ ■ ■ ,n — 1 satisfy the following in- 

equality: 

1 = ai < 02 < ■ ■ ■ < ttn-l 



Proof. Similar to lemma 2.4. □ 

Lemma 2.6. Let G be a simple adjoint group of type An^i. Let x € -^(^)i'^- 

If X{si+i...Sn~iSi...si)^{C^) 7^ for some 2 < i < n — 2, then x = «i + ■ ■ ■ + ctn-i- 

Proof. Similar to that of lemma 2.4. □ 

Lemma 2.7. Let G be a simple adjoint group of type v4„_i. Let x ^ ^{T)t be such that 
(x, Cin-i) = 0. If X{sn-i---Si)^{C^) ^ then x — Q^i is dominant and dim{H^{G/B, C^)'^) < 
dimiH%G/B,Cx-a^f)- 

Proof. By lemma 2.4, x = Yl^=i (^i'^i^ where > a^+i for i = 1, 2, n — 1 with a„_2 = 2 
and a„_i = 1. 

So, (x, ai) = 2ai — a2 > ai > a„_2 = 2 and hence, x ~ «i is dominant. 

Let X = Y,"=i iTT-iWi. Then, we have ^ - «i = J2i=^i,2 ^i^i + ("^i " + ("^2 + 1)^2- 

Let (resp. S';^_Q,Jbe the set of all T- invariant standard monomials of shape x (resp. 
X — ai). We show that there is a surjective map : S^^ai S^. 

Let p be a T-invariant standard monomial of shape x ~ ai (refer to [10] for standard 
monomial). Let g be a factor of p corresponding to (mi — 2)wi + (m2 + l)ct72. So, g = 

Piiji ■ ■ -Phn^+ijm^+i-Pki ■ ■ such that ii < 12 < ■ ■ ■ < im2 < ^ma + l < h < k2 < ■ ■ ■ < 

km^-2 and jl < J2 < ■ ■ • < jma < jm2 + l- 
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Consider the set {im2+i, jm2+ij ^i, - ■ ■ , k^^-T} having mi distinct elements. Label them 
in the increasing order say hi,h2, ■ ■ ■ ,h^^. Now, let q' = Phn--Pim2jm2-Pbi--Pbm.,- Clearly, 
^.q' is a T -invariant standard monomial of shape x- 

Define : S^-ai — ^ by = ^.q', where q and q' are constructed above. Then, is 
surjective. This completes the proof of the lemma. □ 

Lemma 2.8. Let G be a simple adjoint group of type An-i, n 7^ 4. Let x G X(T)+. // 
U7 E W is a Coxeter element such that X{w)?p{C-x) ^ then {i e : l{wsi) — 

l{w) - 1} C {l,n- 1}. 

Proof. Let x — ^7=i ca^^ii where e N. Suppose there isa2<i<n — 2 such that 
l{wsi) — l{w) — 1. Since wx < we have aj_i + a^+i < a^. Since (x, dj-i) > and 

(x, Qij+i) > we have 2ai_i > aj_2 + o-i and 2aj+i > + 0^+2. 
So we have 2aj > 2(ai_i + a^+i) > 2ai + ai_2 + 0^+2 
=^ ai_2 + ai+2 = 

— O'i+2 — 

^ i - 2 < and i + 2>n 

=^ i = 2 and i = n — 2 

=^ i = 2 or i = 4. which is contradiction to assumption n 7^ 4. This completes the 
proof. □ 

Theorem 2.9. Let x G ^(^)j^ be such that there is a Coxeter element w & W for which 
X(«;)f?(£^) ^ 0. If further, for any Xi E X{T)+ such thatxi ^ X, the dim{H'^ {G / B , CxiV) < 
dim{H^ {G / B , Cy^)^) , then the graded algebra (Bd^Zy^H^ {G / B , C'^'^Y ^■^ polynomial ring in 
r variables where r > 2. 



Proof. Proof is by case by case analysis. 

In type n ^ 4, the dominant characters of T for which there arc Coxeter elements w 

such that X{w)^{Ly,) is non empty are {n + l)zui — Yli=i{n+l—i)ai, {n + l)wn — Y17=i^^ij 
and the highest root Yl^=i ^i- 

Prom lemma 2.8, w — Si+i • • • Sn-iSi ■ ■ ■ si for some l<i<n — 2otw — Si-- - 
li w — Sn-i ■ • ■ si and {x, ctn-i) = then from lemma 2.7 

dim{H\G/B,£^f) < dim{H\G/B,£^_a,f). 

This is a contradiction to the hypothesis on x- 

This proves that either w — s„_i • • • Si with x = «i + ■ ■ ■ + On-i or w — Si • ■ ■ with 
X = «! + ■ ■ • an-i or w — Sj+i • • • Sn-iSi • • • Si, where 2 < i < n — 2. 

Now, If w = Si+i • • • Sn-iSi ■ • ■ si ,where 2 < i < n — 2 then x = cei H — • + q;„_i by lemma 

2.6. 

So, the only possibility of x is ai+- ■ ■+q;„_i. In this case the ring ^^^1^^ H'^{G/B, C'^'^_^_..._^_^^__^)^ 
is a polynomial ring in some r (r > 2) variables follows from theorem 2.2. 
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In we have either x = ai + ^2 + «3 or ai + 2^2 + «3 = 2w2- 
We first deal this special case of x = 2ti72 in A^. 

In this case the Coxeter element is w = S1S3S2. Let a typical monomial Y[i<jPij^^ 
the Pliiker co-ordinates which is T-invariant. Then it is easy to see that each of the indices 
1, 2, 3, 4 occur same number of times. So if pi2 (resp. pi^) is a factor of T invariant monomial 
M, then P34 (resp. P24) is also a factor of M. Also, if pi4 is a factor of T invariant monomial 
M, then P23 also a factor of M. But by the Pliiker relation we have 

P14P13 = P13P24 - P12P34- 

So, P13P24 and P12P34 generate the ring of T invariants of ^dei^o / B, C®'^). 
Thus, 

©rfeZ>o^°(G'/P2,/:f4)^ = C[P13P24,P12P34], 

where P2 is the the maximal parabolic subgroup associated to 0:2. Hence (Bdez>oH'^{G/ -P2, ^2-^2)'^ 
is a polynomial algebra. 

By the theorem 4.2 in [6] , when G is of type i?„ we must have x = «i + «2 + ■ ■ ■ + «n = '^i 
and w = SnSn-i ■ ■ ■ S2S1. 

Now consider the standard representation C^""*"^ of S02n+i- Then. 

c/im(5ym2(C^"+i*)) = {n + l){2n + 1). 



By Weyl dimension formula, the dimension of the irreducible representation V{2wi) of 

S02n+1 is 

n {2u7i + p, a) 
(p, a) ■ 

Again since {2zui + p,a) = (p, a) for a ^ ai, we have 

rf2m(V(2ti7i)) = — . 

The set of a G $^ such that a > ai is {ai, ai + a2, ■ ■ ■ , ai + a2 + ■ ■ ■ + an, ai + a2 + ■ ■ ■ + 
an-i + 2a„, ■ ■ ■ , ai + 2(a2 H h a;„)}. 



(2roi+p,Q:i + -'-+ai) _ i+2 



(p,«i + ---ai) 2 
(2roi+p,ai+---+an) _ 2ra+3 



for 1 < z < n — 1. 



(p,a-i+---an) 2n-l 

" ^1±H 2 < ?■ < n. Hence 

In— 7 — — 



(2roi+p,ai-| hai,i+2(a^+---Qn)) _ 2n-j+2 

(p,ai+---+aj_i+2(oj+---a„)) ~ 2n-i 



dim{V{2zu,)) = n i^^i±M)=^(2n + 3). 
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Now {Sym'^ {C'^"'~^^)*)^'~'^"+^ is one dimensional, namely generated by the quadratic form 
q which defines the orthogonal group S02n+i- Hence we have 

5?/m2(C'"+i)* = Vi2wiy + Cq. 

Let T be the maximal torus of the form {diag{ti,t2, ■ ■ ■ , t„, 1, t„+2, ■ ■ ■ , t2n+i) '■ = ^2n+2-i}- 
Since every S'02n+i-invariant is also a T-invariant, we have q = ai)a;jX2„+2-j- There 

is a unique quadratic relation among the variables XiX2n+2-i, i = 1,2, ■ ■ ■ ,n + l. So ax'^_^_l = 
Yl'i ^i^2n+2-i for some non zero a G C. Since g-vanishes on S02n+i{C)/Pi, where Pi is the 
maximal parabolic associated to ai. 

We have axl^^ = XiX2n+2-i on S'02„,+i(C)/Pi. (2) 

Now we explain all the T-invariant polynomials restricted to S'02n+i(C)/Pi. Take a 
T-invariant polynomial a^i"^^™^ ' ' ' ^2n+i^ with rrti = m2n+2-i- The relatilon (2) implies 
that every T-invariant polynomial restricted to 5'02n+i(C)/Pi is a linear combination of the 
monomials of the form {xiX2n+iY^ {x2X2ny^ ■ ■ ■ {xn-iXn+3Y"~'^xl^^i. Thus the map 

C[XiX2n+l, X2X2n, " " " Xn-lXn+Z, Xn+l\ ®de1>oH^{G/ Pi, £f^J"^ 

is onto. (3) 

Now we see that dim{Pi)~ = \{a G $ : a > ai}\ = 2n — 1. Hence the dimension of the 
affine cone over G/Pi is of dimension 2n. 

So the Krull dimension of ®d&>oH%G/Pi, Cf^J^ is 2n - n = n. (4) 

From (3) and (4) we conclude that 
©,ez>o^^°(G'/Pi, £®f )^ = C[XiX2„+i, X2X2„, ■ ■ ■ , X„_iX„+3, Xn+i] is a polynomial ring. 

Type C„: When G is of the type C„, by theorem 4.2 of [6], we must have w = Sn ■ ■ ■ si 
and X = 2g7i = 2(J2i^n + 

Type D4: By theorem 4.2 of [6j the only coxeter elements w E W for which there exist a 
dominant weight x such that wx < are S4S3S2S1, S4S1S2S3 and S3S1S2S4. 

For w = S4S3S2S1, take x = 2(«i + 0^2) + 03 + 0^4, for w = S4S1S2S3, take x = 2(03 + 02) + 
ai + ai and for w = S3S1S2S4, take x = 2(a4 + 0:2) + ai + as- Then w{x) < in each of 
these cases. 

Since there is an automorphism ai of the Dynkin diagram sending ai to ^3 and fixing 
a2 and and there is also an automorphism that sends ai to 0:4 and fixing 02 and as, it is 
sufficient to consider the case when x = 2cci = 2ai + 2a;2 + 03 + 04. 

Now consider the standard representation of SOs- Then 

dim{Sym\C^')) =36. 

By using the Weyl dimension formula and by proceeding with similar calculation above 
we can see that the dimension of the irreducible representation V{2wi) is 35. 
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There is always an SOg invariant, namely the quadratic form g, the group defind by. 
Hence we have 

Sym^C^') = V{2zui)* + Cq. 

Let T be the maximal torus of the form {diag(xi, X2, ■ ■ ■ , Xg) : = Xg.j}. Since every SOq- 
invariant is also a T-invariant, we have q = Yl'^=i{~^i)^i^9-i- There is a unique quadratic 
relation among the variables XiXg-i, i = 1,2,3,4. So xiXs = Ylt •'^i^^-i- Since g-vanishes on 
SOg (C) /Pi we have xiXg = J2t ^i^9-i (C) /Pi . (2) 

Now we explain all the T-invariant polynomials restricted to SOs{C)/Pi. Take a T- 
invariant polynomial with TJii = mg_i. The relatilon (2) implies that every 

T-invariant polynomial restricted to SOs{C)/ Pi is a linear combination of the monomials of 
the form {x2X'r)'^^ (x^xq)"^'^ ■ ■ ■ (x^x^)"^'^. Thus the map 

C[x2X,,X3Xe,XiX5] -> ©dez>o^°(G'/Pi,£f4)^ 

is onto. (3) 

Now we see that dim{Pi)u- = |{q; G $ : a > ai}| = 6. Hence the dimension of the affine 
cone G/ Pi is of dimension 7. 

So the Krull dimension oi ®d&>,H\G / Pi, Cf^J^ is 7-4 = 3. (4) 
From (3) and (4) we conclude that ®d€Z>oH%G/ Pi, Cf^.V 

is a polynomial ring. 

Type Dn, n 7^ 4: By theorem 4.2 of [6J, w = s„ ■ ■ ■ Si and x = 2ti7i = 2(ai + ■ — h an-2) + 
a„_i + an- Proof in this case is similar to that of x = 2ct7i in type P„. □ 

Corollary 2.10. Let G be a simple adjoint group. Let x ^ be such that for any 

Xi e X{T)+ satisfying Xi < X, dim{H%G / B , C^^)^) < dim{H%G/B, C^f ) for which 
there is a Coxeter element w in W such that X{w)'^{C^) is non empty. Then, the Ng{T) 
invaraints of the homogeneous co-ordinate ring @d^2,>o H^{G/B,C'^'^) is a polynomial ring. 

Proof. When G is of type An, B2 or C„, and x = cto, the highest long root, then, the ring 
of T invariants of the homogeneous co-ordinate ring ^d&^o H^{G/B, C®'^) is isomorphic to 
C[()], and so the W- inavariants of C[f)] is a polynomial ring by [Chevalley, Shephard-Todd, 
Serre] . 

In the case of x = 2ci7i of type P„, from theorem 2.9, we have 

{G / B , C^'^Y = C[XiX2n+i, ^2X2^, ■ ■ ■XnXn+2] 

the action of the Weyl group Sn x (Z/2Z)" on the space Yl^=i '^^i^2n+2-i factor through the 
natural map 5*^ x (Z/2Z)" — )■ Sn- Further the resulting action of Sn on ^"^^ CXiX2n+i is 
given by the natural action of Sn on C". So , the ring of W- invariants of (BdeZy^H^iG / B , 
is a polynomial ring generated by the elementary symmetric polynomials in the variables 
{XiX2n+2-i : i = 1, ■ ■ ■ ,n}. 
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When G is of type ^43, the Weyl group is S'4, and let V be the two dimensional vector space 
generated by P12P34 and pi3P24- Then, the ring of T invariants of H°{G/B, C^fj^^a^+az) 

is Sym{y). So, we have the two dimensional representation of 6*4. Actually, this rep- 
resentation is the standard two dimensional represenation of 5*3, and it factors through 
the surjective homomorphism cf) : 5*4 — > S3 given by the natural homomorphism from 
S, S,/{id, (12)(34), (14)(23), (13)(24)}. 

For the case of D„, the proof is similar to that of 

□ 
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